Abstract: Linearly polarized (LP) modes in few-mode fibers are not true eigenmodes but approximated modes constituting of linear combinations of true eigenmodes. Therefore, the vector field profile in a few-mode fiber must be expressed in terms of the true eigenmodes with complex amplitudes involving a phase difference corresponding to the propagation distance. Owing to this property of LP mode propagation, the propagation characteristics of few-mode fibers cannot be accurately analyzed using conventional LP modes. In this study, the crosstalk between LP 11 quasi-degenerate modes due to offset connection is accurately analyzed using matrix formalism expressing the linear combination of true eigenmodes. The difference in the analytical results between the LP modes and the eigenmodes revealed that the propagation of few-mode fibers should be analyzed using true eigenmodes.
Introduction
The traffic in optical transmission networks is increasing year by year, and the transmitted power density in a fiber has also rapidly increased accordingly. The transmission capacity of a single-core single-mode fiber is predicted to be limited to about 100 Tbps due to the nonlinear Shannon limit [1] . Even for short-reach transmission, if the optical power exceeds a certain threshold value, a destructive propagation phenomenon called a fiber fuse occurs, originating from small defects in the core, and the transmission capacity is limited to a certain value. To solve this problem, few-mode fibers (FMFs), in which the number of modes is increased by increasing the core diameter, have been proposed and some experiments on ultra high-capacity transmission have been demonstrated [2] .
In these experiments, the LP mode [3] has been widely used to describe the light propagation in an FMF. It is known, however, that an LP mode is no more than an approximated mode and is expressed by a linear combination of true eigenmodes, such as HE, EH, TE and TM modes [4] - [7] . Since the light emitted from a laser diode (LD) is linearly polarized, LP modes are naturally excited at the input end of an FMF. However, even if a specific LP 11 mode is selectively excited at the input end, the electric field profile transforms its shape along with the propagation in the fiber [8] , [10] , [11] because there is a small difference in the propagation constants between the true eigenmodes [12] , [13] . Therefore, MIMO-DSP has been inevitable in mode-division multiplexing transmission [14] .
In addition, since the eigenmodes constituting an LP mode are quasi-degenerate, the propagation characteristics of FMFs have been expressed using the LP mode. Therefore, It has not been reported [15] that some types of analysis based on the LP mode lead to false conclusions. One such incorrect conclusion is that orthogonally plarized LP modes cannot be coupled to each other by an offset connection or by perturbation at the core-cladding boundary.
In this study, the authors analyze the evolution of the field profile of LP 11 quasi-degenerate modes in terms of true eigenmodes and show how the coupling between LP 11 degenerate modes at a connection point with axial offset can be expressed in terms of true eigenmodes. As a result, it is revealed that propagation characteristics such as the crosstalk due to the offset connection should be analyzed using the eigenmodes not using the LP modes.
Analysis of Mode Coupling at Connection Point

Relation Between LP Modes and True Eigenmodes
The fundamental and first-order LP modes have a linearly polarized electric field as summarized in Table 1 .
The electric field profiles of LP 11 modes are expressed by a linear conbination of two true eigenmodes [5] - [7] , and this relation between LP modes and true eigenmodes summarized in Table 2 is expressed by the following matrix [11] , [15] . Here the matrix in (1) is denoted as M 1 . This matrix relation can be separated into two 2 × 2 matrix relations, and the upper 2 × 2 matrix relation consists of TM 01 and HE even 21
modes. This mode group is called the TMH mode group and the other mode group is called the TEH mode group [13] .
Using the inverse matrix of M 1 , true eigenmodes can be expressed by a linear combination of two LP modes as follows [11] :
Here the matrix in (2) is denoted as M
−1
1 because this is the inverse matrix of M 1 .
Phase Difference Between Eigenmodes Due to Propagation
Since the propagation constants of true eigenmodes are slightly different from each other, even if an LP mode is excited at the input end, the electromagnetic field distribution varies with the propagation distance due to the interference between the constituent true eigenmodes, as predicted theoretically [15] and confirmed experimentally [16] . This interference is illustrated in Fig. 1 [11] . If the output eigenmodes are expressed in terms of the input eigenmodes, the following relations can be separately obtained for the TMH and TEH mode groups:
where φ M , φ E , β aM and β aE are expressed by
Here, z is the propagation distance from the input end to the connection point and β H E , β TM , and β TE are the propagation constants of the HE 21 , TM 01 , and TE 01 modes, respectively. The values of β M and β E can be analytically calculated for a step-index fiber [13] . If the fiber has a graded-index profile, the propagation constants can be calculated using some numerical mode analysis tools. The transmission matrix for the true eigenmodes is given by
Here, the above 4 × 4 matrix is denoted by matrix M 2 .
Let L P μν denote the electromagnetic field distribution of the intermediate state into which the light excited as an LP μν mode at the input end is transformed by the phase difference between the constituent eigenmodes resulting from the propagation. For the TMH mode group, the L P 
For the TEH mode group, a similar relation is obtained as follows.
Since e −jβ aM ·z / √ 2 and e −jβ aE ·z / √ 2 are a carrier components, we omit them.
Calculation of Normalized Coupling Coefficient for True Eigenmodes
In this analysis, it is assumed that identical fibers are connected without angular deviation of the propagation axis. In other words, only the axial offset is assumed at the connection point. Defining the electric field of the input mode at the connection point by E (1) (x, y) and that of the output mode at the connection point by E (2) (x, y), the normalized coupling coefficient of electric field is expressed by Since the optical fiber has circular symmetry, we rewrite (13) in cylindrical coordinates as follows.
Let us define the axial offset by D. When the coordinates of the input fiber (r , θ) and those of the output fiber (r , θ ) are defined as shown in Fig. 2 , r and θ for the output fiber are represented by r and θ, respectively, as follows.
In Fig. 2 , the direction of the axial deviation between the input and output fibers connected with the offset is assumed to be in the x direction to simplify the analysis. In the general case, the angular direction of the axial deviation can be expressed by rotating the electric fields of modes as shown in Fig. 3 .
Using (15) and (16), the unit vectors e r and e θ in the r and θ directions are expressed by
where e r and e θ are the unit vectors in the r and θ directions, respectively.
Here, the transverse electric fields of true eigenmodes are expressed in terms of e r and e θ as follows.
where J ν (x) and K ν (x) and the Bessel function and modified Bessel function of ν-th order, respec-
are the transverse propagation constants in the core and the cladding, respectively, and a is the core radius. These electric fields are the expressions for the case without an axial offset. When the angle of the axial offset is designated as , the coordinate θ should be replaced by θ − instead of θ. Substituting (19)-(22) into (14) and using (15)-(18), the field coupling coefficients between true eigenmodes can be calculated. The normalized coupling coefficients can be expressed by a matrix form as follows:
where the subscript (μ, ν) represents the normalized field coupling coefficient between the μth and νth modes. Using the cylindrical symmetry of the structure, (23) can be reduced to
This 4 × 4 matrix is denoted as M 3 . The formulas used to calculate these coupling coefficients are given by the following equations.
where the terms in the cladding are omitted in (25)-(27) to simplify the representations.
Crosstalk Between LP 11 Modes
Using the above matrices, the overall coupling efficiency can be represented by a single matrix. The equation expressing the coupling efficiency between input LP 11 modes and output LP 11 modes is given by ⎡
where z 2 is assumed to be zero. Fig. 4 shows the order of the matrix product. When the matrix relation given by (28) is rewritten as ⎡
the components of the first row are given by The relation between input and output eigenmodes at the connection point is expressed by 4 × 4 matrix including the axial offset as expressed by (28), and the total propagation is expressed by the product of matrices expressing the coupling at the connection point and the propagation. Since the sinusoidal function with argument β M · z is involved in these equations, it can be seen that the coupling between two modes whose field vectors are orthogonal to each other occurs at z 1 = 0, although coupling does not occur at z 1 = 0.
Using this matrix representation, the normalized coupling efficiency for the offset connection of an FMF was analyzed.
Calculated Results of Coupling Coefficient Between True Eigenmodes
As described in Section 2, the field coupling coefficient between true eigenmodes can be expressed by the matrix in (23). In addition, the 16 matrix components can be reduced to three. Therefore, we analyzed the dependence of the three matrix elements P, Q, and R on the offset distance and azimuth angle using the mathematical tool Mathcad (by PTC).
Analytical Model of Fiber
In this analysis, we assumed a 2-LP mode fiber which supports LP 01 and LP 11 modes.
The relative refractive index difference and the cladding refractive index were assumed to be = 0.00375 and n 2 = 1.44402, respectively. The wavelength λ was 1.55 μm. Assuming a stepindex profile, the normalized coupling coefficients P, Q, and R were calculated for various V values in the 2-LP mode region, i.e. 2.405 < V < 3.832.
Matrix Element P
We calculated the values of matrix element P using (25). The result is shown in Fig. 5 . It can be easily seen from (25) that P does not depend on the azimuth angle .
Since the matrix element P is the coupling coefficient between the identical mode at the connection point with offset, the value of P decreases with the increase of offset, which corresponds to the increase of connection loss.
Matrix Elements Q and R
We calculated the matrix elements Q and R using (26) and (27). It is easily seen from (26) and (27) that the matrix elements Q and R depend on the azimuth angle of the direction of offset defined in Fig. 3 . In addition, it is also seen from (26) and (27) that Q and R satisfy the following relation, because (26) and (27) involve sinusoidal terms cos{2(θ − )} and sin{2(θ − )}, respectively.
In other words, this relationship is derived from the fact that the HE modes and between TE 01 and HE odd 21 modes, respectively, the values of these matrix elements are 0 when D /a = 0 and increase with the increase of offset as shown in Fig. 6 , which means the increase of crosstalk. On the other hand, Q depends on the azimuth angle of the direction of offset as shown in Fig. 7 . The dependence of R is obtained by shifting the characteristics shown in Fig. 7 by π/4. 
Coupling Coefficient Between LP 11 Modes
Using (28), the power coupling efficiency due to an offset connection was calculated for the case of LP even 11−x mode incidence using (29)-(33). The power coupling efficiency is calculated by
where μ and ν are the mode labels of output and input modes, respectively. For example, we calculated the power coupling efficiencies and the results are shown in Fig. 8 . In this figure, the blue solid line shows the coupling efficiency from the LP Fig. 8 . This case corresponds to the conventional analysis in which the difference in the propagation constants between true eigenmodes are ignored and the incident LP mode is assumed to propagate to the exit without any change of electromagnetic field. This also corresponds to the case that the offset occurs at the input end of the few mode fiber and the length of the fiber is much shorter than the beat length of the interference between true eigenmodes, like 5cm [8] . The coupling also occurs from the LP even 11−x mode to the LP odd 11−x mode, but the power coupling efficiency is quite small (≤−20 dB) because the axis of symmetry is orthogonal for these two modes.
On the other hand, when the phase difference is
, coupling between the LP even 11−x and LP odd 11−y modes occurs as shown in the right middle inset of Fig. 8 . This is opposite to the result of the analysis using LP modes. Since the beat length of the interference between the true eigenmodes constituting an LP mode ranges from several tens centimeters (TEH mode group) to several meters (TMH mode group) [15] , the coupling between orthogonal LP modes with orthogonal polarizations occurs at the connection point when the fiber length to the connection point is longer than several meters. As seen from Fig. 8 , the crosstalk due to the offset connection occurs between modes with orthogonal polarizations when the propagation distance is not equal to z =
where N is an integer. Therefore, the propagation characteristics of FMFs should be analyzed using true eigenmodes not using LP modes.
Although LP 11 modes are used as an example of the calculation of connection crosstalk as in the above analysis, the conclusion that the true eigenmodes should be used instead of LP modes is valid for higher order modes. This is because the matrix relation between LP modes and true 
and the difference in propagation constants between true eigenmodes also exists for higher order modes.The matrix term in (36) is the same as that in (1).
Conclusion
We have analyzed the evolution of the field profile of LP 11 quasi-degenerate modes in terms of exact eigenmodes and shown how the coupling between LP 11 quasi-degenerate modes at the connection point with the axial offset can be expressed in terms of exact eigenmodes. As a result, it was revealed that the propagation characteristics such as the crosstalk due to the offset connection should be analyzed using the true eigenmodes not using the LP modes. The difference of crosstalk analyses between the LP mode based and true eigenmode based models is that the difference of propagation constants between true eigenmodes is taken into account or not. However, when the mode mixing occurs between true eigenmodes, both analyses based on the true eigenmode and the LP mode can't be effective to calculate the crosstalk correctly. Since some experimental results show that the mode mixing (mode conversion) doesn't occur when the fiber length is shorter than 1 km [9] , [16] , the crosstalk analysis using true eigenmodes is considered to be effective for the case that the distance to the connection point is shorter than 1 km.
